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1. For any fixed real number ¢, let r. : R — C denote the path given by
re(z) =z + ic.

a) Use the fundamental theorem to prove that [ e~*"dz is independent

Tc

of ceR.

b) Hence find a formula for the function

¢ : R — R given by
o)y = [ ™ e da

(You may use without proof the fact that [ e~ dx = /7).

[10+5 =15]
2. Let f be an entire function, i.e f is holomorphic on the entire complex
plane.

a) Show that there is a power series around 0 representing f throughout

C.
b) Say f(z) = > a, 2",z € C. Then it is easy to see that for any

=0
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r>0, 5= [ | f(re®)[2d0 =3 |a, [* "
0 n=0
Now suppose there is a non-negative integer m and a constant ¢ > 0
such that | f(z) |<c |z |™ for all z in C.

Then use the above formula to show that f must be a complex poly-
nomial of degree < m.

[54+20 =25]

3. Let f be an entire function given by the formula

N
f(x +Zy) = Z Al xk yla x7y€R7
k,1=0

where ay; are complex constants.
Then show that f must be a complex polynomial.

(Hint: You may use the results from question 2.) [15]



4. Let f : @ — C be a continuous function such that [ f = 0 for all

closed paths r in Q. Then show that f is holomorphic. 20]

5. Let © be a convex domain and f : Q@ — C\{0} be holomorphic. Then
show that there is a holomorphic branch of the logarithm of f.

(Hint: First find a primitive of such a branch.) [25]



